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Abstract
Neutron spin echo (NSE) [F. Mezei, ed., Neutron Spin Echo, Lecture Notes in Physics Vol. 128 (Springer, Berlin,
1980)] is a technique for neutron scattering in which the energy resolution can be much narrower than the spectral width
of the incident beam and it allows the direct measurement of the Fourier transform of the energy transfer spectrum, i.e.
the time dependence of the density-density correlation function of the scattering system. It is normally discussed in terms
of neutron Larmor precession in magnetic fields and the scattering process is described in terms of S(Q, to). We show how
a quantum mechanical treatment of the NSE technique offers new insight into the scattering process and explains how
NSE directly yields the intermediate scattering function S(Q, t) or pair distribution function G(r). In addition it gives
a basic picture of the physics of 'phonon focussing' in NSE and reveals the link between the spin echo time z, the
resolution of the measurement and the details of the scattering process.
In this paper we present three different approaches to understanding the system: (i) the usual classical Larmor
precession, (ii) a semi-classical ray tracing model and (iii) a full quantum mechanical treatment. We apply these models
to a spin echo spectrometer as used for various kinds of measurements.
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1. Introduction
Neutron scattering from condensed matter is
conventionally discussed 1-2] using the formalism of
Van Hove [3] where the scattering cross-section is
shown to be proportional to the 'scattering law'
S(Q, 09) with Q, o~ the m o m e n t u m and energy transferred between the scattering system and the scattered neutrons. S(Q, ~o) is shown to be the Fourier
transform with respect to Q, ~o of the pair correlation function of the scattered system: G(R, ~). Most
neutron scattering instruments measure S(Q, o~) be-

* Corresponding author.

cause they work at definite values of Q, ~o. An
exception to this is the spin echo spectrometer first
introduced by Mezei [1] which can measure directly the z (and to some extent the R) dependence of
the correlation function. The usual discussion of
this instrument follows the usual practice of taking
S(Q, 09) as the starting point. In this paper we want
to point out another way of looking at the spin
echo technique which shows more directly the connection between the measured quantity and the
time dependence of the scattering system.
We will extend this 'space-time' discussion
to other types of neutron scattering instruments
in a later work using an approach based on the
partial coherence of the incoming neutron beam as
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produced by diffraction effects in the defining slits
or choppers [4].
In neutron spin echo [1], the velocity change of
neutrons by a sample is measured by comparing
the Larmor precession in known magnetic fields
before and after the scattering. As the comparison
is made for each neutron individually the resolution for measuring the velocity change can be much
better than that corresponding to the width of the
incident beam.
As mentioned above a striking feature of the
method is that the measured quantity, i.e. the average polarization of the scattered beam, is proportional to the Fourier transform of the energy
transfer spectrum. As shown by Van Hove [3] this
Fourier transform yields the time dependence of the
density-density correlation function of the scattering system, and so it is possible to measure directly
this time dependence as a function of a parameter,
called the 'spin echo time', "fNSEwhich depends on
the neutron velocity and the integral of magnetic
field along the neutron's path.
A variant of the spin echo techinque [5] can, in
principle be used to measure elastic scattering and
yields, in this case, the spatial dependence of the
density-density correlation function as a function
of the 'spin echo length', 6NSE,which is a function of
the apparatus' parameters. Here the effective resolution in momentum transfer can be much better
than that associated with the angular spread of the
incident beam.
A third variant of NSE can be used to measure
excitations whose energy is momentum dependent,
e.g. phono: s, in a way that the effective energy
resolution is independent of the relatively large
spread in momentum associated with the angular
width of the incoming beam.
In this paper we discuss an NSE spectrometer
from three different points of view:
In the first model (classical Larmor precession)
we consider the neutrons as following classical trajectories and the neutron's spin as behaving classically with a definite direction at each point along
the trajectory. The Larmor precession is viewed as
being the result of the instantaneous value of the
magnetic field seen by the neutron as it travels
along its trajectory. This viewpoint has been used
in all previous discussions except Ref. [6].

The second point of view is that of the geometrical optics approach to quantum mechanics, often
called the eikonal approximation. The neutron spin
is described by a spin wave function which is the
superposition of the two eigenstates of a given spin
component, say ~z, and each eigenstate can follow
a different trajectory due to their different interactions with the magnetic field (_+/~.B). In addition,
we treat the particle motion by means of plane
waves and calculate the net Larmor precession
from the phase difference picked up by the two
different eigenstates. Because neutron scattering is
essentially a wave phenomenon there is an additional phase shift due to the scattering which must
be included. This second model is meant to be
a heuristic one whose purpose is to clarify the
physics involved.
The third model will be more rigorous. According to this third view point, we calculate the motion
of a wave packet consisting of a superposition of
wave packets in each of the two spin eigenstates.
The second and third viewpoints of Larmor precession have been emphasized by Mezei in a number of papers [7] and they have been applied to the
case of time dependent fields in Ref. [6].
As we shall see, in the first model (classical Larmor precession) the quantities "~NSEand t~NSE are
simply instrument parameters with no apparent
physical meaning and the direct measurement of
the density-density correlation function as a function of these parameters appears almost as an accident. Since the Larmor precession angle, (0L, turns
out to be given by (COVNSE+ q6NSE) and the contribution of those neutrons scattered with energy and
momentum transfer co and q to the net polarization
(ax) is proportional to COS~0L, we obtain the
Fourier transform of the energy-momentum transfer distribution.
In the second model, however, the beam splits
into two coherent beams corresponding to the two
different spin states and these beams are separated
in space by 6NSE and in time by ZNSE. Thus the
sample is scanned by a double beam and each
scattering event samples the system at (r, t) and
(r + 6NSE, t + ZNSE). In this model the direct
measurement of the density-density correlation
function is a result of the splitting of the beams and
their coherent recombination due to the fact that
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( a x ) depends on the products of the amplitudes for
the two a= eigenstates.
In the third approach the wave packets corresponding to the two spin states are shifted relative to
each other by 6NsE in space and TNSE in time.
It is important to note that the basic concepts of
spin echo are only valid to first order in the velocity
and angular spreads of the incoming and scattered
beams. Studies of the possibilities of extending the
technique to second order, so as to e.g. enable the
focussing of excitations with curved dispersion relations are in progress [8].
We will see that while all three pictures give the
same physical result to first order, the detailed
behaviour is quite different in each case. It is our
hope that this will give some insights both into the
operation of an NSE spectrometer with tilted fields
and into the difference between classical and quantum mechanics.
Presently, there are two different types of spin
echo techniques in use. One using static magnetic
fields [1] and the second using resonant spin flippers called neutron resonance spin echo [9]. In this
work, we will limit the discussion to the first variant
(NSE), but the results apply to the second variant
(NSRE) as well. The ideas discussed here have been
presented previously in an abbreviated form [10].

2. Neutron spin echo for quasi-elastic scattering
2.1. Introduction
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Fig. 1. Schematic layout of a spin echo spectrometer. The fields
are oppositely directed in the two field regions, LI and L2. The
spins are assumed to preserve their orientation while travelling
through the field boundaries (sudden approximation).

We assume that neutrons of velocity v directed
along the y direction and polarized along the x direction, enter a region of length L, containing
a magnetic field B1 pointing in the z direction
(Fig. 1). The neutrons spend a time ( L 1 / v l ) in the
magnetic field, during which time they precess
through an angle ¢1:
209(z1)L1
¢1 - - - ,

(2.1)

/)1

where the Larmor frequency is given by
(2.2)

09[1) = 209z-(1) = 2#B1/h.

After leaving the field region the neutrons impinge on a sample where they can be scattered to
different final energies. Some of the scattered neutrons enter a second field region where the field is
effectively in the opposite direction to that in the
first region so that in the second region the spins
precess by
209(z2)L2

q52 -

(2.3)

/)2

Quasi-elastic scattering is a scattering process in
which the energy change is considered to be small
compared to the energy of the incoming neutrons.
As already mentioned, a great advantage of NSE is
that the width of the incoming beam can be significantly larger than the energy transfer due to scattering, thus relaxing the normally tight relation
between resolution and intensity.

Taking B1 = B2 = B, L1 = L2 = L we have for
the net spin precession after traversing both field
regions
~b=q~l + ¢ 2 = 2 0 9 z L

[

1

1

/)1

/)2

.

(2.4)

Assuming v2 = vl + By, 5v<<vl, we have
I d~b ]

209zL

2.2. Classical model o f L a r m o r precession and N S E

We present a simplified model of NSE which
contains all the main features but is different in
some details from existing spectrometers [1].

J

(2.5)

and with the neutron energy transfer defined by
m (v z _ vZl) = mvx 5v

=

5-

(2.6)

4
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we have

(using energy conservation) and the two states will
take different times (t_+) to travel through the field

( 2hogzL "] co
c~ = \ mv~ J = (DZNSE"

(2.7)
-

Since the probability of a neutron being scattered
with energy transfer htn is given by S(q, ~o)d~o we
obtain the polarization of the beam in the x direction as

(2.8)

(crx) = f dco S(q, co) cos O)'I~NSE

or the cosine Fourier transform of S(q, ~o), with
respect to 09. This has been shown to be equal to the
time dependence of the density-density correlation
function [3] G(R, TNSE)= (p(r, t)p(r + R, t + ZNSE))
or, more precisely, what is called the intermediate
scattering function

v+

--

L _ hco~L
_ "CNSE
+
-- to + Vo mv~
2

| d 3 R (p(r, t)p(r + R, t

(t_ - t+) = ZNSE

As already mentioned, in this model the parameter "gNSEdoes not appear to represent a physical
time, but is just a combination of apparatus' parameters with the dimensions of time.

.11)
q~(1) = k(~)L = koL +_-COztO
,

2.3. Semi-classical (ray tracing) model for
quasi-elastic NSE

, 10,

and we consider the motion of each of these eigenstates as given by the corresponding classical trajectory with az = -+ 1.
Thus on entering a magnetic field of strength
given by Ogz(Eq. (2.2)) the velocity of the two states
(initially given by v0) will change to
h(D z

v+ = 1)o --+ - -

m1)o

(2.15)

VO

On travelling through the second field each state
will have a phase shift opposite in sign to that given
by Eq. (2.14) (due to the reversed direction of the
field in the second coil) and with a magnitude
modified due to the velocity change caused by the
scattering:
(2.16)

so that the phase shift between the two states due to
the second field is

In this model we note that the initial state, an
eigenstate of ax with eigenvalue 1, [+ )x is a superposition of the eigenstates of az, [ + ) z

5Ell1

(2.14)

so that the phase difference after passing through
the first field will be

(~(2)
+ =-T- O)ztt02),

I+>x =~22(1+>~ + I->z) =

(2.13)

for the two states to reach a given point after
leaving the first field region. In addition, the two
states will pick up different phases due to the different momenta of the two states in the magnetic field
(see 16-1)

+ ~'NSE))e iq'R.

(2.9)

(2.12)

So there will be a relative delay of

c~bl = ~b~) - (~) - 2(C°zL)l

t"

I(q, ~'NSE) =

L

t+

(2.11)

6~b2 =

2(~ozL)2
1)2

(2.17)

In the above the notation 1, 2 refers to the first
and second field (before and after scattering by
sample), respectively.
In the following we take t = 1 in the phases.
There will also be an additional phase shift between
the two states associated with the delay (2.13). Considering scattering events at a single point, if the
I+ ) ( I - ) ) state scatters at t + (t-) then the incident
wave will have a time dependent phase factor
e-i~lt + at the moment of scattering, while the scattered wave will have an additional time dependence
e - i E 2 ( t - t ± ) So that the overall phase factor of the
scattered wave will be e-iE'te i~,~ with q~ = cot_+
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where 09 = (E 2 - E~). (See the appendix, for a more
rigorous justification of this point.) Thus there will
be an additional phase shift
6q~s -- ~b+ - ~b~- = 09(t+ - t_) -- --09ZNSE.

(2.18)

Combining with the phase shifts 6~b~ and 6~b2
from the two fields we see (as in the derivation of
Eq. (2.7)) that

with

the

5

momentum

(wave

vector)

transfer

q -----k2 - k l , energy transfer h09 = (E 2 - E l ) and

~bl is given by Eq. (2.14). Thus, noting that the
initial spin state is given by Eq. (2.10), we can write
the wave function after the second field as (including the phase ~b2 from the second field)
ei,k2.,_E2o[Idti~d3rieiOn, e-iq.r~p(ri, ti)ei ..... /2

1

dtj ~ darjei~'Jp(rj, tj)e-iq'rJe-i~NS~/2 "

(2.19)

6(~1 "]- t~t~2 + 6~b s = 0,

(2.24)
so that the overall phase shift cancels due to the fact
that the two beams have a relative delay ZNSE.The
relative delay in the first coil is cancelled by the
second coil, so that there is no remaining delay at
the exit. Therefore, the amplitude of each beam will
be

Thus, we find

<x>fd09fdr,fd r e "'fdt,fdt
× "'" × (p(ri,

ti)p(rj,

tj))ei°~NsEe i'°tt'-tj)

(2.20)

~t + ~ p(ri, t +),

i.e. proportional to the density of the scattering
system at the time and place of the scattering event,
as all relative phase shifts would have cancelled at
the exit of the second field. Then the polarization of
the beam reaching the detector will be proportional
to

+ c.c.,

(2.25)

where the integrals over q and co come from the fact
that we collect scattered neutrons over a range of
these quantities and we have taken the ensemble
average of the density product. The integral over
d09, gives 6(ti + ZNSE-- tj). Thus, we obtain

(trx) ~ (p(ri, t +)p(ri, t-) ~
= (p(ri, t+)p(ri, t + +

"~NSE)),

(2.21)

which is the time dependent density-density correlation function, where the average is taken over
(r~, t+). Thus in this model the parameter rNSE appears as a real physical delay between the two
beams at the sample and the polarization (a~),
being given by the product of the amplitudes of the
two beams gives directly the time dependence of the
correlation function.
We can see how this comes about in more detail
by noting that a plane wave scattered by a system
at position r~ and time t i will be given by
~Jscat ~

ei*2"t'-")e-iE2tt-t') p(rl, ti) [e itt'''~'-glt' +~l)]
(2.22)

after the scattering where p(r~, t~) is the density of
the system at (r~, t~) and the term in square brackets
is the incident plane wave evaluated at (r~, ti) with
~bl the phase picked up in field 1. Thus,
~ a+t = eitk2"-~2O p(ri, ti)e -iq'~'ei°~t'ei4~?

(2.23)

(ax) ~ f d3R [ f dti f d3ri(p(ri, ti)p(ri
+ R, t i + ~'NSE))I e iq'R + C.c.

(2.26)

The term in square brackets is just the density-density correlation function G(R, ZNSE)and we
have (ax) ~ I(q, ZNSE)where l(q, ZNSE), the spatial
Fourier transform of G(R, z) is known as the intermediate scattering function. In this model we see
the two spin states arriving at a given point in the
scattering system with a relative delay ZNSE- This
results in a phase difference 09ZNSEwhich is cancelled by the phase difference due to the difference in
motion through the two fields.

2.4. Quantum mechanical treatment of NSE for
quasi-elastic scattering
In this model we consider the incident beam as
represented by a wave packet, polarized in the

6
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x direction:

O~n~=fdk,A(k,)eiCklr-r'l'/h)[ll]

(2.27)

and treat the propagation through the apparatus
quantum mechanically. The field regions are regions of constant potential V = hcoz and after
traversing such a region of length L the wave function will be

e- ito, Llvl
~b = f dkl A(kl)ei(klr-E't/h) Lei°"L/v' 1

(2.28)

as was discussed in I-6]. We take A(k~) to be a narrow distribution with a width Ak~<<k~, centred
around k~. Then we can write

¢=

(.
e i(t'r-E~,tth)

X

A ( l c ) e itKr-°~'t)

t34
1
A~ = 41 - 42 = - t~E---kco = -- ~

e- ito,Ll~,eitO~tNSE/21
.

_

.

L e~t°~L/vle-ua~rNsd2

(2.29)

'

where x = kl - kl, hco~ = ER1 -- E h = 2Ehv~/fl
and v~ = hx/m. In writing Eq. (2.29) we used the fact
that

cozL

co~L cozLv~
vl

I) 1

co~L

=41

cozL

cozL hco~

vl

~31 2E h

172

.

f h cozL'~

cozL

As we have seen above the information concerning the scattering system is contained in ( a x ) ,
which is the result of an interference between the
two packets. In order for this to be observable it is
necessary to bring the two packets together, i.e. the
relative delay between the two packets must be
cancelled as the output of the second coil.
In the absence of scattering, the phase factors in
the square brackets in Eq. (2.29) will be cancelled by
the phase shifts in the second spin echo coil if
(cozL)l = (co=L)a. This is the condition that the
relative delay of the two spin states will be cancelled
by the second coil so that the wave packets after the
second coil will have no relative delay. In the presence of scattering with momentum transfer
q = k 2 - k 1 and energy transfer hco = Ek2 -- Ekl ,
the cancellation will be incomplete and the remaining phase will be given by

coK'~'NSE

co'L'NE.s

(2.31)

For a scattering event occurring at (h, tl) the
wave function after the second coil will be
~ko~, = e i(h'-E~'/h' fdxA(x)ei((~+q'r-t'~'+°')')p(ri, t~)
[e -'a*]
x {e-'q'% i'°''} keia e j ,

(2.32)

where the factor in curly brackets has been derived
in the previous subsection.
Using this wave function we can calculate

(2.30)

The relative time delay between the two wave
packets now shows up as the phase shifts proportional to cox in Eq. (2.29). Note that in a typical case
ZNSE can be a few nanoseconds and it is usual to
run a spin echo spectrometer with an incident spectral width AE/E >>.3% so that ZNSE>>At where
At = h/AE is the duration that can be attributed to
a wave packet associated with the incident beam. In
this case the beam splits into two non-overlapping
packets. This is equivalent to the statement that the
energy resolution width of the system is less than
the spectral width of the incoming beam.

X ei¢'(rfr0ei°~(t'-tJ)e

-i~'~NsE + C.C.

(2.33)

taking note of the fact that (A(x)A(~c')) ~ 6(x x'). See Ref. [11] for a discussion of this point with
further references.
Writing R = rj - r~ and peforming the integration over dco we obtain

(ax> = f d3R (f d3r, f dt, p(r,,ti)
× p(ri + R, ti -- ZNSE)~ elq -R, (2.34)
/
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where we have taken the ensemble average of the
density product. By definition this is

f d3R G(R, z)e ~'R,

(2.35)

i.e. the spatial Fourier transform of the density-density correlation function.
In this treatment we see that there is a phase
difference between the two wave packets representing the two spin states corresponding to the time
delay in the previous model.
There is also a phase shift cot~ depending on the
time of the scattering event, since this is the instant
when the de Broglie frequency changes. We give
a more rigorous justification of this approach in the
appendix. Since the measured quantity (a~) is
a sum of contributions from scattering events with
different energy transfers co, only pairs of scattering
events occurring at (tg - t~) = ZNSEcontribute to this
quantity, since this condition ensures that the phase
differences are the same, i.e. zero, for all values of co.
Scattering events at other time separations will not
contribute significantly as they will produce phases
which are different for the different co's.

3. Inelastic scattering

7

and the neutron energy change is co = (m/2)
(/)I

Scattering events with different/)~,/)z will in general result in different phases 4,, and different energy exchanges co. However, if
(4' -

4,0)

=

(co -

(3.2)

coo),

where 4,0 and coo correspond to some central value
of the neutron velocities in the beam, fl, rE, then we
will obtain a proper spin echo signal. Thus, writing
/)1 = /~1 "3t- dr1,

U 2 = /72 + d v 2 ,

2(co~Lh

m
coo

=

-

4,0

-

-

2(cozL)2

-

U1

/72

'

(3.3)
we have
-- ~0

----- m ( / 7 1

dr1

2(cozLh

4, - 4,0 -

f~

-

v2 dr2),

dr,

2(cozL)2

~

dv2.

(3.4)

Thus our condition (3.2) will be met for all dVl, 2
(to first order) if
2(cozLh, 2
-

(v,,2)

3.1. Introduction

2

(3.5)

-- m~/~l, 2

or

By inelastic scattering we mean neutron scattering with energy transfer hco ~ E~, the incoming
neutron energy. In this case the velocity change due
to the scattering events are significant and, as we
shall see, this has an important effect on the spin
echo operation.

3.2. Treatment of inelastic scatterin9 spin echo by
Larmor precession
The phase shifts in the two coils are still given by
Eqs. (2.15) and (2.17) but since the velocities differ
by a significant amount we must consider the problem in more detail.
After the second coil we have a net Larmor
precession of
2(cozL)a
4, = - U1

2(cozL)2
/)2

(3.1)

(cozLh
(/~1)~

(cozL)2
--

(U2)~

m
-- 0{ 2

(3.6)

In this case Eq. (3.2) will hold with ~ = ZNSE.

3.3. Semi-classical (ray tracing) discussion of
inelastic scattering NSE
On going through the coils the two spin states
will suffer relative delays of
2(co~Lh
271 - (/71)-------~

(3.7)

in the first coil and
272 -

2(cOzL)2
(/~2)3

(3.8)

8
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in the second coil. We see at once that the condition
for the two delays to cancel: Zl + z2 = 0, yields the
condition for 'spin echo focussing' for inelastic scattering (~1 ~/~2) (Eq. (3.6)).
These delays are associated with relative phase
shifts ~.'hcl)_+= k+L1 and ~.
,'h(2)+ = - k f L 2 (Ref. [6]).
There is also an additional phase shift associated
with the difference in scattering times between the
two beams. For a neutron of energy Ex, scattered at
time t~ into a final energy E2, the initial state will
have a phase factor e-iE1 t, at the moment of scattering, while the final state will have a factor e-i~21'-t')
so there will be an overall phase factor
~bs = e-iE2te iln2-~')'' = e-iE2te i'°t'. See the appendixs for a more rigorous justification of this
factor.
The discussion continues exactly as in the case of
quasi-elastic scattering above using the treatment
of the phase angles given in Section 3.2. We now
expand the phase factor as in Eq. (3.4); however, in
the present case we have the condition (3.6) as
a result of the equality of the delay times in the two
coils so that Eq. (3.2) follows automatically.
The time delay between the packets representing
the two spin states results in the scattering at
a single point taking place at times ti, tj separated
by t~ - t i ZNSE,and measured value of ( a ~ ) will
be proportional to I(q, ZNSE)just as in the quasielastic case.
The quantum mechanical discussion proceeds by
introducing wave packets as in the quasi-elastic
case, representing a straightforward generalization
of Section 2.4.
=

4. Neutron spin echo with tilted fields,
the case of small angle elastic scattering

trometer with tilted fields for small-angle elastic
scattering, from the classical, semi-classical and
quantum mechanical points of view. Although the
original proposal for the use of spin echo with tilted
coils for elastic scattering was for scattering at
relatively large angles, i.e. momentum transfer
Q ,,~ kl, we specialize to the case of small-angle
scattering. Although this case does not seem to
have any practical importance it is considerably
simpler than the large-angle case and allows us to
demonstrate the main physical principles involved.
In the next section we will discuss the case of
phonon focussing.
4.2. Classical model: Larmor precession in tilted
coils

We consider a beam propagating in the y direction, initially polarized in the x direction which
traverses a region with a magnetic field directed in
the z direction whose boundaries are tilted so that
the beam makes an angle 0 with the normal to the
field boundaries (Fig. 2). Note that on entering the
field region the neutrons suffer no energy change, in
the classical model, as their magnetic moments are
perpendicular to the magnetic field and hence the
interaction p. B = 0. As the spins remain in the x - y
plane the same holds true on leaving the field.
If the length of the field region, measured normal
to its boundaries is given by L, the path length of
the particles will be
L' -

L
cos 0

(4.1)

and after passing through the field the neutron spin
would have precessed through an angle
COLL'
(4.2)

4.1. Introduction

41 -

We now turn to a discussion of the use of a spin
echo spectrometer with tilted fields. We will see that
this has applications to elastic scattering as well as
to scattering from excitations with a finite value of
Oog/Oq. This latter case applies to scattering by
phonons and the use here of tilted fields, introduced
by Mezei [1], is referred to as 'phonon focussing'.
In this section we discuss the use of an NSE spec-

(v = neutron velocity).
In a spin echo spectrometer the neutrons pass
through a sample and then through a second field
region where the field effectively has the opposite
direction to that in the first region [1] and, for our
present purposes will be considered to have identical parameters (L, 0, COL)to the first field region.
In this case the precession in the second coil will

V
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ax will be given by (using Eq.

Sample

d b . ~ _ _ _
<ax> =

Fig. 2. Schematic layout of a spin echo spectrometer with tilted
coils. The tilt angle is 0. L' is the path length of the neutrons in
the coils while L is the length of the coils perpendicular to their
boundaries.

exactly cancel that in the first coil (4.2), (q)2--4)1), in the absence of any interaction in the
sample. In this case the neutron spins will be pointing in the x direction on leaving the second field
region (echo condition), for any straight line
trajectory.
Now assume that the neutrons are deflected by
an angle ~9~,without any energy change, as a result
of a small-angle scattering event in the sample
region between the two fields. Then the neutron
trajectories in the second field region will make an
angle (0 + ~gs)with the normal to the field boundary and the net Larmor precession angle will be
given by

d4)i
4)NSE = -

O)LL'

dO Os =
tan 0
qx,
vko

tOLL'

tan 0 ,gs
v
"
(4.3)

where we have written the x component of the
momentum transfer q~ = ko ~gs, with ko the initial
wave vector of the neutrons (hko = my). Eq. (4.3)
can be written as
4)NSE m --qx~NSE '

(4.4)

where
6NSE -

~LL'

tan 0

vko

(4.5)

is the 'spin echo' length [5]. Taking into account
that the probability of being scattered through
a given angle is given by S(q), the Fourier transform
of the density-density correlation function of the
scatterer, and that the x component of the neutrons
spin is given by ~rx = cos 4)NSE,the average value of

9

(4.4))

fdq

S(q) cos qb

=~

d3rip(ri)p(ri + 6Nsj~),

(4.6)

where N is a normalization constant, and ~'xis a unit
vector in the x direction.
In this way a spin echo spectrometer with tilted
coils can be used to measure small-angle scattering
with the unusual property (analogous to that of
spin echo used to measure energy changes) that the
angular resolution (given by the largest value of 6x
that can be achieved) can be much better than the
collimation in the incident beam.

4.3. Semi-classical (ray tracing) model
We now look at the same physical situation as
discussed above, treating the spins quantum mechanically and calculating the phase shifts for the spin
wave functions assuming the particle motion is
classical. The key point is the different behaviour of
the two spin states on entering and leaving a region
containing a constant magnetic field. This treatment of Larmor precession has been emphasized by
Mezei in a series of papers [7] and has been extended to time dependent fields in [6].
As in Section 2.3 the initial spin state polarized
along the x axis is taken as
1+ )x -

(1+) + 1 - ) )
x~
'

(4.7)

where I_+) represent the two eigenstates of az.
Since each of these states interacts with the magnetic field there will be a different change of kinetic
energy for each of these states on entering (or leaving) the magnetic field. Note that the total energy
and hence the de Broglie frequency of the wave is
unchanged. Thus the wave vector of a neutron
whose wave vector is ko (velocity Vo) in free space
will be given by

k+ = ko +_ ~oz/Vo

(4.8)

inside the field when its trajectory is perpendicular
to the field boundary (e)z = !u.B/h = ~L/2). The
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Fig. 3. Splitting at p a t h s for the t w o spin states on e n t e r i n g
a tilted coil in the semi-classical a n d q u a n t u m descriptions. In
these m o d e l s the field can be c o n s i d e r e d as a birefringent medium.

__+ sign distinguishes the two spin states. For tilted
field boundaries, it is the component of k normal to
the field boundary which is changed according to
Eq. (4.8), while the parallel component is unchanged. Thus a neutron initially in a direction
making an angle 0 with the normal to the field
boundary, will be travelling at an angle 0_+ (w.r.t.
the normal) inside the field:

(y axis) but with a relative displacement 6 (4.11).
Note that in addition to the displacement 6x = 6
(4.11) perpendicular to the beam direction, there is
also a displacement 6r = VOZNSE(Section 2.3). However, in the present case of small-angle scattering
the momentum transfer q is in the x direction (to
first order in 0s, see Fig. 5) and q . 5 = qx6~ so
511 plays no role and we will ignore it in what
follows. In Section 5.3 we show that the total displacement vector t~ is parallel to the normal to the
coil n.
Considering for the moment only the state 1+),
the phase shift of the wave function for this state on
passing through the field (i.e. from the point C to
the point A in Fig. 4) is given by
q~+ = k~L± + kl+Lll,

(4.12)

with k~ given by the denominator of Eq. (4.9),
kl~- = ko sin 0, L ± = L = L' c o s 0 and Lll = L tn 0 + ,
we have
4+ = koL' + Ogz L'(1 - tan 2 0).

tan 0 1 -T- voko ~o=
cos / 0) "

(4.9)

Writing 0_+ = 0 - ~+ (see Fig. 3) we find
O) Z

e_+ = -----7- tan 0,
Wo

(4.13)

v

k0 sin 0
tan 0 + ko cos 0 +__O~z/(Vo cos 0)

(4.10)

so that the perpendicular separation between the
paths taken by the two spin states is given by (to
first order in a_+)

For the l - ) state, the phase shift in going from C to
A', is given by the same expression with the sign of
~Ozchanged.
On leaving the field, the two states will undergo
an acceleration opposite to that felt on entering the
field so that in the field-flee region both states will
have the wave vector ko.
Now there will be an additional phase difference
between the two states associated with the distance
e = 5 tan 0 (to first order in 6) shown in Fig. 4:
• ~ = ko6 tan 0 - 2co=L' tan2 0,

(4.14)

v

= L'(ct+ - ~_) =

2OgzL'

tan 0.

(4.11)

vko

Thus we see that in this model 6 instead of being
merely a parameter, has the meaning of a real
geometrical quantity, i.e. it is the separation between the two beams corresponding to the two
different spin states. On leaving the field, the two
states will undergo a deflection opposite to that
which they experienced on entering so that they
will be travelling parallel to their original direction

so that by combining Eq. (4.14) with Eq. (4.13) and
the corresponding expression for the [ - ) state we
obtain for the phase difference between the two
states the classical expression:
2o)zL'
~cB(0) = q~+ - q)- - - v

2a)zL
v cos 0

(4.15)

referred to a point B in between the two field
regions. On passing through the second field region
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Fig. 4. Schematic view of a spectrometer showing the paths in
two tilted coils.

in the absence of scattering the phase difference will
be equal and opposite to that of (4.15): q)cB(0) =
-4)BD(0), yielding no net phase difference on leaving the second field region (echo condition). In
the presence of scattering through an angle ~gs,there
will be a non-zero phase difference:
Aq~ -

dq)BD(0)
d~
~9~-

2~zL
v cos2~ (sin 0)~9~ = - q x 6
(4.16)

(see Eq. (4.4)) in agreement with the classical model
(Section 4.2).
However in the present model we have an additional phase shift associated with the distance 6 between the two beams. For scattering at two points
rl,
r2,
this is given by q . ( r 1 - - r 2 ) = qx(rl - rz)x =
ko6~gs = q~6 (see also the appendix), since in the
case of small angle scattering q A_ko to lowest order
in 0s (see Fig. 5), i.e. we are restricted to q vectors in
the x direction as mentioned above. Adding this to
Eq. (4.16) we see that there is no net phase shift after
leaving the second field. In this case since (r~ - rz)x
must be equal to 6 because of the splitting of the
beams the net phase shift between the two beams
cancels so that the average polarization ( a x ) of the
scattered neutrons is ( a x ) ~ p(ri)p(ri + 6"{x). We
can see how this comes about in more detail by
writing the wave function at the exit of the second
coil as:

1
14') = ~

[~[iP(ri)eiq'rl-iq*~/2-].
~ L2jp(rj)e,q.,,+,q:/2j e 'k°y

(4.17)

since the probability of scattering at a point is
proportional to the product of the number density
of scatterers at that point (p(r~)) and the scattering
length a of the scatterers (N is a normalizing factor).
The points r~, (rfl are restricted to the lower (upper)
line in Fig. 4 and we have incorporated the phase

Fig. 5. Geometry of a small angle scattering event. The beams
representing the two spin states are separated by a distance 6.

shift (4.16). Thus if we measure ( a x ) at a position
after the second field we will obtain (for elastic
scattering)

(ax),,~fdaq~i~jp(ri).p(rj)eiq'(',

r~)e- iqx6 -[- C.C.

(4.18)
The qx dependence of the phase is cancelled because

(ri - ri)x = 6.

(4.19)

The integrations over dqy dqz yield 6 functions in
the y and z components of (ri - rj) so only pairs of
points such as B, B' with the same values of y and
z contribute to the sum. Thus, we have

<ax) ,,~ ~ p(ri)'p(r, + 6"{x)

(4.20)

i

(i'x is a unit vector in the x direction), i.e. we
measure the density-density correlation function
of the scatterer for displacements in the x direction.
Of course this is in agreement with the results of
Section 4.2. What is remarkable in this model is
that we have a physical separation of the two spin
states so that the split beam scans the sample,
correlating its properties at points separated by the
distance between the beams.

4.4. Quantum mechanical treatment
We consider a plane wave incident in the x - y
plane at a direction making a small angle ~ with the

12
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x 0
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Fig. 6. Showingthe transformation of coordinates used to describe a wave packet incident on a tilted coil.

y axis and polarized in the x direction:
~,~ = ~ 1 e~k°'r+~' I l l ] .

(4.21)

In a coordinate system (x', y') defined by the fields
which are tilted at an angle 0 with respect to the
y direction we have

appears as a relative shift in the wave packets for
the two spin states if we take a superposition of the
states (4.21) with different e as our initial wave
packet. Similar to the case of quasi-elastic scattering discussed in Section 2.4, the displacement 6 can
be much greater than the width of the wave packet
in the x direction so that the wave packets for the
two spin states will be well separated. This is equivalent to the statement that the q resolution width
can be less than that corresponding to the angular
distribution of the incoming beam.
In the absence of scattering the second field region will produce an identical phase shift with
opposite sign resulting in no net phase shift at the
exit (echo condition). However in the event of
a scattering through an angle ~gsthere will be a net
phase shift:
A~(e) -

d~ ~gs=
de

-

~ozL'tan 0 ~gs= -q~3/2,
v
(4.26)

y' = ko(cos 0 - e sin 0),
k~O~

k~O)
ko(sin 0 + e cos 0)
x'

(4.22)

(Fig. 6). On entering the field the x' component is
unchanged while the y' component for the I+ >
state becomes
k~,+) = ko(cos 0 - e sin 0) +

where we have again used q~ = ko~gs. For scattering
by a distribution of scatterers, Y~ip(ri), the wave
function at the output of the second field region will
be

~bout=-~fdeA,e)fdSqe~'o'v+'~'+°')X'~e~",p(r,)

(Dz

Vo(COS0 - e sin O)

x l_e_i~,~ j .

O)Z

(4.27)

ko(COS 0 - e sin 0) + -vo cos
- 0 (1 + e tan 0).
(4.23)
On leaving the field the k vector resumes its value
(4.22). Thus at the exit of the field the wave function
will be given by [6]

Then if we measure the x component of the spin we
will find

(ax) ~ f d3q ~ ~ e~'~"-'~)p(r,)p(rj)'eiqx~+ c.c.
•

j

(4.28)
I//i1 = eiko(y +ax)

F ei* 1

Le_i, ~

(4.24)

with
=

ogzL' (1 +
VO

e tan 0) =

~ozL' +
-VO

~p(e).

(4.25)

Writing ~p(e)= koe6/2, we see that the relative
displacement of the two beams in Section 4.3 now

,'..<~p(r~)p(r~+ 6L)>

= G(fL)

(4.29)

making use of the Fourier transform of the 3
function. Thus we recover the density-density
correlation function for the scattering sample
for displacements in the x direction. (The remarks
in Section 2.4 regarding A(k) apply here to the
A(e).)
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In this model it is the integration over daq in
Eq. (4.28) which forces the total phase in the exponential to be zero and so imposes the requirement that (ri - rj)x = 8. This is just the reverse of
the situation in Section 4.3, where the physical
separation 6 between the two beams resulted in the
phase being zero.
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(09 -- 09o(q)) i.e.
~b - q~o = z(09 - Coo(q)).

(5.2)

We can write:
09 - 09o(q) = 09 - [-09o(qo) + (q - qo)'Vq09o(q)]

(5.3)
which using

5. Neutron spin echo with tilted fields, the case of
'phonon focussing'

09 = m ( v ~ -- v12),
z

q=m(v

2 --Vl)

5.1. Introduction

can be written as

In the above discussion we have seen that the
energy transfer resolution of an NSE instrument is
largely independent of the spectral width of the
incoming beam so that the usual trade off between
resolution and intensity does not apply. However
in the case of excitations like phonons, where the
energy transfer, 09, depends on the momentum
transfer, q, 09 = 09o(q), the relatively large spread in
incoming velocities leads to a relatively large
spread in q which results in a spread in 09 that is
much larger than the intrinsic resolution of the
NSE instrument so that the technique would not be
useful for such cases. However Mezei [1] has
shown that by using precession fields with tilted
boundaries as discussed in the previous section, it is
possible to change the spin echo focussing conditions so that one obtains the high NSE resolution
in a direction perpendicular to Coo(q).The key point
is that by tilting the field boundaries the time of
flight in the precession fields will have a first order
dependence on the direction of the neutron paths,
in addition to the dependence on neutron velocity.
In the neighborhood of a phonon peak the scattering law will vary only insignificantly along the
surface given by Coo(q), and we can consider S(q, 09)
as a function of the distance from the phonon ridge:

09 -- r-Oo(q)= m[dr2. (v2 - Vq09o)

S(q, 09) = S(09 - 09o(q)).

- dr1" (_vl - Fq090)],

(5.4)

(5.5)

where we write the velocities before and after scattering as v l , 2 = v l , 2 + d V l , 2 and co(_vl,r_2)=
C°o(q0), qo = q(~_x, 12_2).
Proceeding as in the last section we can write the
Larmor precession angle in a single tilted coil as

~L

.

c%L
tOLL
. . .
,

/3 COS 0

(5.6)

r" n

where n is the unit vector normal to the field
boundary. Then the precession phase after passing
both spin echo coils will be
~b -

~b0

(09LL)2

"

• dl~2)

-- (_V--2~ n 2 )~2 [ n2

(COLL)I

(v_l . n l ) 2 (nl" dr1),
(5.7)

where ~bo = ~b(vl, _v2).
Now for the relation (5.2) to hold we require
(09LLh, z

(v_ . n ) ~ . 2

nl.2

= r e ( v 1.2 -

Vq090)~NSE,

(5.8)

so that the field tilt angles must be adjusted to
satisfy

(5.1)
n1,2 tl (v1,2 - Vq09o)

5.2. Classical discussion o f ' p h o n o n focussin#'
In order to measure the function (5.1) by spin
echo we require the L a r m o r precession phase after
the second coil to be a linear function of

(5.9)

and we must adjust the field strengths in the two
coils so that

(09LLh. 2
ZNSE= m(_V.n)l,2[l_vl,2l 2 _ _vl,2.Vq09o] •

(5.10)
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When the last two equations are satisfied
Eq. (5.2) holds and the polarization of the beam at
the output of the second coil is given by

f dcoS(co
-

coo(qo)) cos (~b)

where i = 1, 2 refers to the two spin echo coils. We
have also seen in Section 2.3 that the two spin states
have relative delay of ZNSEafter leaving a coil. For
the case of tilted coils Eq. (2.12) can be written
2(cozL)i
zi - v2(ki, ni) '

= ~dco S(co -- coo(qo))
3
X COS(q~o + *{co -- coo(qo)})

so that we have
(5.11)

or the Fourier transform of the line shape.
5.3. S e m i - c l a s s i c a l discussion o f ' p h o n o n f o c u s s i n g '
spin echo

In order to discuss phonon scattering from
a space-time point of view we have to have some
idea of how to describe a phonon in this picture.
One usually thinks of a phonon as being described
by a scattering law, S(q, co) in the form of a Lorentzian or something similar, e.g.

r/~
S(q, co) oc (co _ co0(q))2 + F2 ,

(5.12)

where coo(q) represents the phonon dispersion relation. Taking the Fourier transform with respect to
q, co we obtain the pair correlation function G(R, z)
which in this case yields

6i=vizi

tan Oi.

(5.13)

where c =Vqcoo is the group velocity of the
phonons. Thus we can describe the scattering by
a phonon as taking place at positions r~,j and times
ti, j SO that
R = ri-

rj = c(ti - t j) = cz.

(5.14)

In Section 4.3 we have shown that after passing
through a field region whose boundaries are shifted
through an angle 0 with respect to the normal to
the beam direction the two spin states will be split
by a distance ~ in a direction normal to their flight
direction. Keeping in mind the distinction between
L and L' (Fig. 2), we rewrite Eq. (4.11) as
2(cozL)i
fit = - tan Oi,

vi(ki" hi)

(5.15)

(5.17)

This means that the vector ;~i "~- (~i "[- •iZi) makes an
angle 0i with the direction ofri (see Fig. 7(a)) and so
is parallel to n~.
Fig. 7(a) shows that at the instant when the upper spin state reaches ra the other state is at rb. So if
the upper state is scattered at ra at time t~, the lower
state can be scattered at rc at time t~ if(to - t~) - %
equals the time taken for a phonon to go from r~ to
re (Fig. 7(b)). Taking account of Eq. (5.13) we obtain the condition
x = rc - ra = czs.

(5.18)

In addition the lower spin state (see Fig. 7(b)) must
travel from rb to rc in time zs:
(5.19)

rc--rb=v1%.

Therefore,
ra--rb=Z

G(R, z) = e - r * a ( 3 ) ( R - cz)

(5.16)

1 =(V 1 --C)T s

(5.20)

and we have
(Vl - c)II ni

(5.21)

(since zl I]nl) which is the first of the 'focussing'
conditions (5.9).
After the scattering we need only consider the
two spin states as travelling along parallel trajectories since only interference between partial waves
with the same value of k 2 will contribute to ( a x )
(Fig. 7(b)).
We now require that the space-time separation
between the two states after the scattering is equal
to the parameters z2, ~2 of the second coil in order
that the separation will be cancelled by passage
through the second coil, thus assuring that the two
states will overlap and produce the proper interference term ( a x ) .
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Again referring to Fig. 7(a) we see that

~l ei~ a
8i

V'~-

a

~

"

~

Fig. 7. (a) Showing the relation between the splitting and time
delay for the two states after leaving a tilted coil. The net
displacement z is parallel to the normal to the coil. (b) The
relation between the two spin states after scattering by a phonon
travelling from (ra, ta) to (re, to) with velocity c IIx.

Thus (Fig. 7(b)), using Eq. (5.18)
--

C,U 2

ad = ~ s - - ,

(5.22)

/)2
m

T2 = tc --

(a t"
ta + ~-2

= ~f~

E(/)2)2 -- (C" 102)"] (5.23)

and
(c

•

102)

x = zs (v2)2 v2 - 82 = Ors

(5.24)

or

((c:v2)v2 )

82 = T s ~

(92) 2

C

,

(5.25)

so that
Z2 ~- 82 -~- 1~2T2 = Ts(102 - - C).

(5.26)

As we have seen above, this means that
(102 - - C) I[/12

((/)1) 2 - - C ' V l ) T s

/)1

/)1

(5.28)

using Eq. (5.20). Combining this with Eq. (5.23) we
obtain

b

(b)

7,1 " i~1

vlzl - - -

(5.27)

which is the second focussing condition (5.9).

271

(V2) 2 ((D1) 2 - - C - V l )

T2

(/)1) 2 ((/)2) 2 - - C . i.~2)

(5.29)

which is equivalent to Eq. (5.10) taking into account Eq. (5.16).
We have shown that the conditions for obtaining
the spin echo in the case ofphonon focussing can be
regarded as the result of the requirement that the
space and time separations of the two spin states
satisfy the following constraints: The space-time
separation of the states after the first coil must be
the same as the separation of two scattering events
that are connected by a propagating phonon
(Eq. (5.14)). This gives the condition (5.21). After
the scattering the effect of the second coil must be
to cancel the space-time separation which remains
after the scattering and the change of direction
associated with it. This gives the conditions (5.27)
and (5.29).
The phase difference between the two spin states
will of course be the same as the classical Larmor
precession angle. However we now have the focussing conditions as a result of the above considerations so that the phase will then reduce directly to
Eq. (5.2).
The quantum mechanical treatment can be carried out by introducing a wave packet as for the
previous cases. We omit it here in the interests of
brevity.

Appendix A: Neutron scattering and Van Hove
correlation functions
It is customary (see e.g. [2]) to discuss neutron
scattering in terms of the space and time dependent
density-density correlation function first introduced by Van Hove [3]. Van Hove showed that in the
range of validity of the Born approximation it is
possible to write the cross-section for (neutron)
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scattering from a complex system as a product of
three factors. One factor involves neutron parameters only, a second involves the behaviour of the
scattering system only and the third involves the
interaction. Van Hove showed that the second factor depending only on the scattering system can be
written as the space and time Fourier transform of
the density-density correlation function where the
Fourier transform variables are the momentum
and energy transferred from the neutron to the
scattering system during the scattering process.
Van Hove derived this result by starting from
applying the Born approximation in the form of
Fermi's 'golden rule no. 2' [12] and replacing the
energy conservation 6 function by its Fourier transform, thus introducing a time-like parameter into
the problem. This approach had earlier been used
by Akhiezer and Pomeranchuk and also by Wick
[13], and has been followed in every subsequent
treatment of the problem that we have seen. However in the derivation of the golden rule from timedependent perturbation theory [14] the energy
conservation 6 function arises as the result of the
time integral of the oscillatory time dependence
corresponding to the energies of the initial and final
states so the replacement of the 6 function by its
Fourier transform is simply an 'undoing' of the
original time integration. Thus from the perturbation theory we have

d,(t) =

~1 (n[ VI0)e i E .0,t

(A.1)

where d.(t) is the rate of change of the probability
amplitude for the system to be in the state In) at
time t when it was in the state 10) at time t = 0.
Here the states In) -- eik"'q n)s are the eigenstates of
the entire system (neutron and scatterer) in the
absence of interaction. The neutron momentum is
k. and [n)~ is the eigenstate of the scattering system.
The interaction is

V - 2xh2b ~ 3(r -- rj),
rn

(A.2)

E.o = E , - Eo = E~~)- E~ ) - co where E~ ~ is the
energy of the scattering system in nth eigenstate
and ~o = Eton ) - Et,~ is the energy change of the
neutron due to the scattering. Then

d,(t) oc f

dar ei"r ~ (nlb(r - rj)10)e itec;-e'°s'- °m

= ~ <nle~"Jl0> exp [i(Et,s) - E~ ~ - co)t]
J

= ~ (nle~"~")10)e -i~'
J

= fd3r(n[p(r,

t)eiq"10)e-i~" ,

(A.3)

where we have replaced ~ by S dar p(r, t), (p(r, t) =
we have dropped the subscript
s on the states of the scattering system.
The solution of Eq. (A.3) is

y,jf(r - rj(t))) and

a.(t) ocf' dt' fd3r(nlp(r,t')e~'rlO)e-'°*." '

(A.4)

The cross-section that we require is proportional to
the time rate of change of the probability of the
system being found in the state In), Y~, d la.12/dt =
y~. ~i*a, + c.c. summed over the relevant states:

~ f d3r' ff dt' f d3r(OIp*(r',t)e-~'"ln)eio'
× (nip(r, t')ei¢"10)e-i°'c
= f d3r' f ' dt'

+ c.c.

f d3r(Olp*(r', t)p(r,

t')

X e i q ' ( r - r ' ) l O ) e i o ( t - t ' ) + C.C.

(A.5)

Now for a system in thermodynamic equilibrium
we have to take an ensemble average of the expectation value in (A.5). For homogeneous systems this
is a function of (r - r') = R and (t - t') = z only.
The expression (A.5) can then be written:

j

where b is the nuclear scattering length, assumed
here for simplicity to be the same for all nucleii in
the scattering system, rj is the position of the jth
nucleus and r the position of the neutron.

; daR f dze~'~eio* I f dar(OIp*(r, t)
x p(r + R, t - ,)1o) 1 ,

(A.6)
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where the ensemble average of the term in square
brackets is (suitably normalized) the usual correlation function. According to the first expression of
Eq. (A.5) we can, loosely speaking, consider the
scattering amplitude as being proportional to
p(r, t)eiqre-io~t for a scattering event taking place at
r, t as we have done several times above.
If we refrain from introducing p(r, t) in Eq. (A.3)
we obtain the result in the form given by Van Hove
[3, Section II.A].
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